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Exercise 5.1. [Unification]

1. Use the algorithm presented in the lecture to compute a most general unifier for the
following set of formulas: L = {P (x, y), P (f(a), g(x)), P (f(z), g(f(z)))}

2. Show that a naive implementation of the algorithm can have an exponential runtime.

Exercise 5.2. [Occurs Check]
What happens if one omits the occurs check in the unification algorithm? Find an example
where a unification algorithm without occurs check diverges or returns the wrong result.

Exercise 5.3. [Resolution (Barber Paradox)]
Consider the following facts:

1. Every barber shaves those who do not shave themselves.

2. No barber shaves anyone who shaves himself.

Show that there are no barbers by resolution.

Exercise 5.4. [Simultaneous Substitution]
Recall that F [t1/x1, . . . , tn/xn] is the simultaneous substitution of x1, . . . , xn by t1, . . . , tn.

1. Can we always express F [t1/x1, . . . , tn/xn] as a series of one-variable substitutions?

2. Can we always summarize a series of one-variable substitutions to a single simultaneous
substitution?
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Homework 5.1. [Natural Numbers and FOL] (5 points)
We consider the following axioms in an attempt to model the natural numbers in predicate
logic:

1. F1 = ∀x∀y(f(x) = f(y) → x = y)

2. F2 = ∀x(f(x) 6= 0)

3. F3 = ∀x(x = 0 ∨ ∃y(x = f(y)))

Give a model with an uncountable universe for:

1. {F1, F2}

2. {F1, F2, F3}

(Recall that a set S is uncountable if there is no bijection between S and N. E.g. R is an
instance for S.)

Homework 5.2. [Regular Resolution] (5 points)
We call an resolution proof for propositional logic regular if in every path from the leaves
to the empty clause every literal is removed at most once by resolution. In the example
below, (a) is regular because in the path on the very left, the literal A is removed two times.
However, it is possible to give the equivalent regular proof (b).
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Aufgabe 1

Seien die Abkürzungen trans, sym, ref und nontriv wie folgt definiert:

trans = 8x.8y.8z.(R(x, y) ^ R(y, z) ! R(x, z))

sym = 8x.8y.(R(x, y) ! R(y, x))

ref = 8x.R(x, x)

nontriv = 8x.9y.R(x, y)

Auf Blatt 6 haben wir gesehen, dass {trans, sym} 6|= ref . Zeigen Sie nun, dass gilt:

{trans, sym, nontriv} |= ref

Aufgabe 2

Ein (aussagenlogischer) Resolutionsbeweis heißt regulär, wenn in jedem Pfad von den
Blättern zur leeren Klausel jedes Literal höchstens einmal durch Resolution entfernt wird.
Der Resolutionsbeweis (a) unten ist z.B. nicht regulär, da in dem Pfad von {A, B} zur lee-
ren Klausel ⇤ zweimal nach A resolviert wird. Der Beweis kann jedoch in einen regulären
umgewandelt werden (siehe (b)).

{A,B} { A,C} {A, B} { C}

{A} A}{

{A,B} { A,C}

{B,C}

{A,C}

{C}

{A, B} { C}

(a)
(b)

Zeigen Sie, daß die reguläre Resolution vollständig ist, d.h. daß es für jede unerfüllbare
Menge von Klauseln einen regulären Resolutionsbeweis gibt. Orientieren Sie sich für den
Beweis am Vollständigkeitsbeweis für die Resolution.

Show that regular resolution is complete, i.e. there is a regular resolution proof for every
unsatisfiable set of clauses. You can use the completeness proof for regular propositional
resolution as a template for your proof.

Homework 5.3. [Unifiable Terms] (5 points)
Specify the most general unifiers for the following sets of terms, if one exists:

L1 = {f(x, y), f(h(a), x)}
L2 = {f(x, y), f(h(x), x)}
L3 = {f(x, b), f(h(y), z)}
L4 = {f(x, x), f(h(y), y)}
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Homework 5.4. [Anti-Unification] (5 points)
We want to explore the dual of unification, anti-unification. The goal of anti-unification
is to find what is called the least general generalization. We will only consider the case of
anti-unifying exactly two terms. Then the least general generalization of two terms can be
informally be described as the least general term such that both terms under question are
an instance of the least general generalization.

1. Give a formal definition of the least general generalization.

2. Specify an algorithm that can compute the least general generalization of two terms.
We do not require a correctness proof.


